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FLOW BY MEAN CURVATURE INSIDE A MOVING AMBIENT SPACE
ANNIBALE MAGNI, CARLOMANTEGAZZA, AND EFSTRATIOS TSATIS
ABSTRACT. We show some computations related to the motion by mean curvature flow of
a submanifold inside an ambient Riemannian manifold evolving by Ricci or backward Ricci
flow. Special emphasis is given to the possible generalization of Huisken’s monotonicity for-
mula and its connectionwith the validity of some Li–Yau–Hamilton differential Harnack–type
inequalities in a moving Riemannian manifold.
1. INTRODUCTION
In this paper we present some computations concerning the mean curvature flow of
a submanifold inside a moving Riemannian manifold. We are particularly interested in
finding analogues of Huisken’s monotonicity formula. We will see that in some special sit-
uations, notably, when the ambient is a gradient Ricci soliton, such a monotonicity actually
holds (see Section 3). We will analyze in detail the cases when the ambient Riemannian
manifold evolves by Ricci or backward Ricci flow and we will discuss the connection be-
tween the monotonicity of Huisken’s integral and the validity of some Li–Yau–Hamilton
differential Harnack–type inequalities in the moving manifold.
Some of the computations here are mentioned by Ni [11]. A very closely related paper
is the one by Lott [9]. Moreover, the work of Ecker [3] and the discussion in Section 3.10,
Chapter 11 of the book by Chow, Lu and Ni [2] also deal with the subject of coupling the
Ricci flow with the mean curvature flow.
We recall the fundamental Huisken’s monotonicity formula (see [7]) for the mean curva-
ture flow (from now on MCF) in the Euclidean space.
Let us assume that we have a smooth, compact, n–dimensional submanifold N immersed
inRm evolving by the MCF. That is, the flow is described by a smoothmap ϕ : N× [0, T )→
R
m with
∂tϕ(p, t) = H(p, t)
where the map ϕt = ϕ(·, t) : N → Rm is an immersion for every t ∈ [0, T ). Here H(p, t) is
the vector valued mean curvature of the submanifold at time t and point p.
The immersion ϕt induces (by pull–back of the standard scalar product of R
m) a metric
ht on N at every time t, turning (N,ht) into a Riemannian manifold with a canonically
associated Riemannian volume measure µt.
We then consider the backward heat kernel ρx0,T (x, t) onR
m centered at some point x0 ∈ Rm
and with maximal time T > 0, that is,
ρx0,T (x, t) =
e
−
|x−x0|
2
4(T−t)
[4pi(T − t)]m/2 .
Theorem 1.1 (Huisken’s Monotonicity Formula [7]). For every x0 ∈ Rm and T > 0, there
holds
d
dt
{
[4pi(T − t)]m−n2
∫
N
ρx0,T dµt
}
=
d
dt
∫
N
e
−
|x−x0|
2
4(T−t)
[4pi(T − t)]n/2 dµt (1.1)
= −
∫
N
∣∣∣∣H+ (x− x0)⊥2(T − t)
∣∣∣∣
2
e
−
|x−x0|
2
4(T−t)
[4pi(T − t)]n/2 dµt
= − [4pi(T − t)]m−n2
∫
N
∣∣∣H−∇⊥ log ρx0,T ∣∣∣2 ρx0,T dµt
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in the time interval [0, T ), where∇⊥ denotes the projection on the normal space toN of the gradient
in Rm of a function.
Hence, the integral
∫
N
e
−
|x−x0|
2
4(T−t)
[4pi(T−t)]n/2
dµt is nonincreasing during the flow in [0, T ).
Following Hamilton [6], we can consider, more generally, the flow by mean curvature
of an n–dimensional, smooth, compact submanifold N of a Riemannian manifold (M, g)
in a time interval [0, T ) and a positive solution u : M × [0, T ) → R of the backward heat
equation ut = −∆Mu in the ”ambient” space.
Making use of the formula
∆Nu = ∆Mu− gαβ∇2αβu+ 〈∇Mu |H〉 ,
wherewe denoted the ”normal” indices with Greek letters (this means that the intermediate
term on the right hand side is the “trace” of the 2–form ∇2u, restricted only to the normal
space toN ), we compute
d
dt
{
[4pi (T − t)]m−n2
∫
N
u dµt
}
= − [4pi(T − t)]m−n2
∫
N
(
−ut + |H|2u− 〈∇Mu |H〉+ (m− n)
2(T − t)u
)
dµt
= − [4pi(T − t)]m−n2
∫
N
(
∆Mu+ |H|2u− 〈∇Mu |H〉+ (m− n)
2(T − t)u
)
dµt
= − [4pi(T − t)]m−n2
∫
N
(
∆Nu+ gαβ∇2αβu+ |H|2u− 2〈∇Mu |H〉+ (m− n)2(T − t)u
)
dµt .
As the integral of∆Nu is zero and, ”completing the square” by adding and subtracting the
term |∇
⊥u|2
u
inside the integral, we get the formula
d
dt
{
[4pi(T − t)]m−n2
∫
N
u dµt
}
= − [4pi(T − t)]m−n2
∫
N
|H−∇⊥ log u|2u dµt
− [4pi(T − t)]m−n2
∫
N
(
∇2αβ log u+ gαβ
2(T − t)
)
gαβudµt ,
for every t ∈ [0, T ), where ∇⊥ denotes the projection on the normal space to N of the
gradient inM of a function.
Remark 1.2. In the special case of M = Rm and u equal to the backward heat kernel
ρx0,T , the last term vanishes because of the special choice of u and we have the ”classi-
cal” Huisken’s monotonicity formula.
The right hand side of this formula consists of a nonpositive quantity (minus the integral
of a perfect square times u, which is positive) and a termwhich could be nonpositive in case
the two form∇2 log u+ g
2(T−t)
were nonnegative definite.
Setting v(p, s) = u(p, T − s), the function v : M × (0, T ] → R is a positive solu-
tion of the standard forward heat equation on (M, g) and setting t = T − s, we have
∇2 log u+ g
2(T−t)
= ∇2 log v+ g
2s
. In particular, its trace (the standard full trace) is given by
∆M log v+m
2s
which is exactly the Li–Yau quantity for positive solutions of the heat equation
on a compact manifold (M, g). Actually, in the paper [8], Li and Yau showed that if the Ricci
tensor ofM is nonnegative, then the differential Harnack inequality∆M log v+ m
2(T−t)
≥ 0
holds. In the spirit of this result, in [5] Hamilton (see also [10]) generalized this inequal-
ity to a matrix version, showing that under the assumptions that (M, g) has parallel Ricci
tensor (∇Ric = 0) and nonnegative sectional curvatures, the 2–form ∇2 log v + g/(2s) is
nonnegative definite (Hamilton’s matrix Li–Yau Harnack differential inequality).
As a consequence, under these hypotheses the two form
∇2 log u+ g
2(T − t) = ∇
2 log v +
g
2s
is nonnegative definite and we get Hamilton’s generalization of Huisken’s monotonicity
formula.
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Theorem 1.3 (Huisken’s Monotonicity Formula – Hamilton’s Extension [6]). A smooth, com-
pact, n–dimensional submanifoldN of a Riemannian manifold (M, g) moves by mean curvature in
the time interval [0, T ) and u : M × [0, T )→ R is a positive smooth solution of the backward heat
equation ut = −∆Mu.
Then, if the manifold (M, g) has nonnegative sectional curvatures and satisfies ∇MRic = 0 the
quantity [4pi(T − t)]m−n2 ∫
N
u dµt is nonincreasing during the flow in [0, T ).
Remark 1.4. All this discussion in the static ambient situation provides a first example of
the connection of the monotonicity of the “coupled” integral [4pi(T − t)]m−n2 ∫
N
u dµt with
the validity of a Li–Yau–Hamilton Harnack differential inequality.
2. MOVING AMBIENT SPACES
Let us now assume that the metric of the ambient space evolves according to ∂tg = −2Q
(if Q = Ric we have the Ricci flow) and modify the backward heat equation as follows
ut = −∆Mu+Ku
for some function K.
If we repeat the previous computations in this new setting, we get two extra terms. The
first comes from the modified equation for u and the second from the effect of the motion
of the ambient space on the time derivative of the measure µt induced on N . Indeed, the
associated metric ht on N is affected not just by the motion of the submanifold but also by
the evolution of the ambient metric g(t) onM . After some computations, we have
d
dt
µt = (−H2 − gijQij)µt = (−H2 − trQ + gαβQαβ)µt
where, as before (and in the rest of the paper), the Greek letters α, β, . . . denote the indices
associated to the coordinates which are normal to N and with i, j, k, . . . the indices for the
coordinates on N .
With this notation, we get
d
dt
(
τ
m−n
2
∫
N
u dµt
)
= − τ m−n2
∫
N
∣∣∣H− ∇⊥u
u
∣∣∣2u dµt
− τ m−n2
∫
N
(∇2αβu
u
− ∇αu∇βu
u2
+
gαβ
2τ
)
gαβu dµt
+ τ
m−n
2
∫
N
(K− trQ + gαβQαβ)u dµt
= − τ m−n2
∫
N
|H+∇⊥f |2e−f dµt
+ τ
m−n
2
∫
N
(
∇2αβf +Qαβ − gαβ2τ
)
gαβe−f dµt
+ τ
m−n
2
∫
N
(K− trQ) e−f dµt ,
where we substituted τ = T − t and f = − log u, hence, ft = −∆Mf + |∇f |2 −K.
Wewill concentrate on the following situations: Q = Ric orQ = −Ric, that is, the metric
g onM evolves either by the Ricci flow or by the backward Ricci flow and we will choose
K = 0 or K = trQ. In this latter case the last term in the formula above clearly vanishes
and we obtain
d
dt
(
τ
m−n
2
∫
N
u dµt
)
= − τ m−n2
∫
N
|H+∇⊥f |2e−f dµt
+ τ
m−n
2
∫
N
(
∇2αβf +Qαβ − gαβ2τ
)
gαβe−f dµt .
Moreover, notice that with the choice K = trQ, we also have
d
dt
∫
M
u =
∫
M
(ut − trQu) =
∫
M
−∆Mu = 0 ,
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when M is compact, hence the “ambient” integral
∫
M
u =
∫
M
e−f is constant during the
flow.
A family of metrics g(t) on a manifoldM for t ∈ [0, T ), evolves by the Ricci flow if ∂tg =
−2Ricg(t). Moreover, we say that g(t) evolves by the backward Ricci flow if ∂tg = 2Ricg(t) (in
the following the subscript g(t)will be always understood).
Under the Ricci flow, the Christoffel symbols of the evolving Levi–Civita connection, the
Ricci tensor and the scalar curvature evolve according to
∂tΓ
k
ij = −gkl(∇iRjl +∇jRil −∇lRij) ,
∂tRij = ∆Rij + 2R
pqRipjq − 2gpqRipRqj ,
∂tR = ∆R+ 2|Ric|2 .
The analogous evolution equations for the backward Ricci flow (inverting the time direction)
are simply the same with a minus sign in front of the right hand sides.
Here Rijkl are the components of the (4, 0)–Riemann tensor Riem (with the convention
that for the standard sphere Sn we have Riem(v, w, v, w) > 0), Ric is the Ricci tensor with
components Rik = g
jlRijkl and finally R = g
ikRik is the scalar curvature.
2.1. RF0 – Ricci Flow and K = 0. We assume ∂tg = −2Ric and ut = −∆Mu, then
d
dt
(
τ
m−n
2
∫
N
u dµt
)
= − τ m−n2
∫
N
|H+∇⊥f |2e−f dµt
+ τ
m−n
2
∫
N
(
∇2αβf +Rαβ − gαβ
2τ
)
gαβe−f dµt
− τ m−n2
∫
N
R e−f dµt
= − τ m−n2
∫
N
|H+∇⊥f |2e−f dµt
+ τ
m−n
2
∫
N
(
∇2αβf +Rαβ − gαβ
2τ
− Rgαβ
m− n
)
gαβe−f dµt ,
with f = − log u, hence, ft = −∆Mf + |∇f |2.
2.2. BRF0 – Back–Ricci Flow and K = 0. We assume ∂tg = 2Ric and ut = −∆Mu, then
d
dt
(
τ
m−n
2
∫
N
u dµt
)
= − τ m−n2
∫
N
|H+∇⊥f |2e−f dµt
+ τ
m−n
2
∫
N
(
∇2αβf − Rαβ − gαβ
2τ
)
gαβe−f dµt
+ τ
m−n
2
∫
N
R e−f dµt
= − τ m−n2
∫
N
|H+∇⊥f |2e−f dµt
+ τ
m−n
2
∫
N
(
∇2αβf − Rαβ − gαβ
2τ
+
Rgαβ
m− n
)
gαβe−f dµt ,
with f = − log u, hence, ft = −∆Mf + |∇f |2.
2.3. RF – Ricci Flow and K = trQ = R. We assume ∂tg = −2Ric and ut = −∆Mu+Ru,
then
d
dt
(
τ
m−n
2
∫
N
u dµt
)
= − τ m−n2
∫
N
|H+∇⊥f |2e−f dµt
+ τ
m−n
2
∫
N
(
∇2αβf +Rαβ − gαβ2τ
)
gαβe−f dµt ,
with f = − log u, hence ft = −∆Mf + |∇f |2 − R.
Monotonicity of τ
m−n
2
∫
N
u dµt is then related to the nonpositivity of the Li–Yau–Hamilton
quantity (
∇2αβf +Rαβ − gαβ
2τ
)
gαβ .
Notice that the same conclusion holds also if ut ≤ −∆Mu+Ru.
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We emphasize that in theRF0 case, the same nonpositivity property clearly implies the
monotonicity when R is always nonnegative.
2.4. BRF – Back–Ricci Flow and K = trQ = −R. We assume ∂tg = 2Ric and ut =
−∆Mu− Ru, then
d
dt
(
τ
m−n
2
∫
N
u dµt
)
= − τ m−n2
∫
N
|H+∇⊥f |2e−f dµt
+ τ
m−n
2
∫
N
(
∇2αβf − Rαβ − gαβ
2τ
)
gαβe−f dµt ,
with f = − log u, hence ft = −∆Mf + |∇f |2 +R.
Monotonicity of τ
m−n
2
∫
N
u dµt is then related to the nonpositivity of(
∇2αβf − Rαβ − gαβ2τ
)
gαβ .
Notice that the same conclusion holds also if ut ≤ −∆Mu− Ru.
3. RICCI SOLITONS
We choose now Q = Ric, that is, the metric g on M evolves by the Ricci flow in some
time interval I ⊂ R and we setK = R to be the scalar curvature of (M, g).
By the previous computations in the RF case, we get
d
dt
(
τ
m−n
2
∫
N
u dµt
)
= − τ m−n2
∫
N
|H+∇⊥f |2e−f dµt (3.1)
+ τ
m−n
2
∫
N
(
∇2αβf +Rαβ − gαβ
2τ
)
gαβe−f dµt ,
for a positive solution of the conjugate heat equation
ut = −∆Mu+Ru (3.2)
and f = − log u, τ = T − t, for t ∈ I with t < T ∈ R.
Let us assume that (M, g(t)) is a gradient soliton (a self–similar solution) of Ricci flow
and F : M × I → R its “potential” function, namely,
• Shrinking Soliton: the flow is defined on I = (−∞, Tmax), the metric g and the
function F satisfy∇2F +Ric = g/2(Tmax − t).
• Steady Soliton: the flow is “eternal”, I = R, the metric g and the function F satisfy
∇2F +Ric = 0.
• Expanding Soliton: the flow is defined on I = (Tmin,+∞), the metric g and the
function F satisfy∇2F +Ric = g/2(Tmin − t).
Then we analyze these three situations separately.
• Shrinking Solitons: It can be seen that the function u = e−F /(Tmax − t)m/2 satisfies
the conjugate heat equation (3.2) (see [10, Section 1.5], for instance, for this and the
next cases). Then, letting f = − log u = F + m
2
log (Tmax − t) and substituting
inside equation (3.1), we get
d
dt
(
τ
m−n
2
∫
N
e−F
(Tmax − t)m/2 dµt
)
= − (T − t)
m−n
2
(Tmax − t)m/2
∫
N
|H+∇⊥F |2e−F dµt
+
(T − t)m−n2
(Tmax − t)m/2
∫
N
m− n
2
( 1
Tmax − t −
1
T − t
)
e−F dµt ,
which is nonpositive for every t ∈ (−∞,min{T, Tmax}), if T ≤ Tmax.
Actually, the right side is always negative if T < Tmax and in the particular case of
T = Tmax, we have the neat formula
d
dt
∫
N
e−F
(Tmax − t)n/2 dµt = −
∫
N
|H+∇⊥F |2 e
−F
(Tmax − t)n/2 dµt ≤ 0 ,
with equality if and only if the submanifold N satisfies H + ∇⊥F = 0 at every
point, for some time t.
An almost trivial example of this situation is a “static” maximal sphere Sn in
the sphere Sm evolving by Ricci flow. Indeed, this latter ”generates” a gradient,
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shrinking Ricci soliton with a constant in space potential function F and the maxi-
mal sphere Sn satisfies H = 0.
Another example is given by the flatRmwith potential functionF (x, t) = |x−x0|
2
4(Tmax−t)
which is called the Gaussian shrinking soliton, for some x0 ∈ Rm. Substituting in
the last equation above, one recovers the ”classical” Huisken’s monotonicity for-
mula (1.1).
Notice anyway that the family of cylinders (S2 × R, g(t))with the evolving metric
g(t) = −2t(gS2can + dr2) in the halfline t ∈ (−∞, 0), is a gradient, shrinking, Ricci
soliton with Tmax = 0 and potential function F : S
2 × R × (−∞, 0) → R given by
F (θ, r, t) = − (r−r0)2
4t
, for some r0 ∈ R. Any 2–sphere S2 × {r} inside S2 × R is
actually “static” during its flow by mean curvature, since its second fundamental
form (hence, its mean curvature) is zero, but the Huisken’s integral is not constant,
unless r = r0 (it holds only for a single 2–sphere of the whole family fibering the
cylinder). This follows easily as the vector ∇⊥F = − (r−r0)
2t
∂r must be zero in such
case.
• Steady Solitons: The function u = e−F satisfies the conjugate heat equation (3.2)
hence, letting f = − log u = F in equation (3.1) we have
d
dt
(
τ
m−n
2
∫
N
e−F dµt
)
= −τ m−n2
∫
N
|H+∇⊥F |2e−F dµt − τ
m−n−2
2
m− n
2
∫
N
e−F dµt ,
which is always negative for every t ∈ (−∞, T ).
Notice that in this case, it follows
d
dt
∫
N
e−F dµt = −
∫
N
|H+∇⊥F |2e−F dµt ,
for every t ∈ R.
• Expanding Solitons: In this case the function u = e−F/(t − Tmin)m/2 satisfies the
conjugate heat equation (3.2), then, letting f = − log u = F + m
2
log (t− Tmin) and
substituting inside equation (3.1), we get
d
dt
(
τ
m−n
2
∫
N
e−F
(t− Tmin)m/2 dµt
)
= − (T − t)
m−n
2
(t− Tmin)m/2
∫
N
|H+∇⊥F |2e−F dµt
+
(T − t)m−n2
(t− Tmin)m/2
∫
N
m− n
2
( 1
Tmin − t −
1
T − t
)
e−F dµt ,
which is always negative for every t ∈ (Tmin, T ) (notice that in this case T ≤ Tmin
has no meaning).
Proposition 3.1. If (M, g(t)) is anm–dimensional, shrinking, gradient Ricci soliton in the interval
(−∞, Tmax) and F its potential function, then, the Huisken’s integral τ m−n2
∫
N
u dµt, with u =
e−F/(Tmax − t)m/2, τ = T − t and T ≤ Tmax, of an n–dimensional submanifold N moving by
mean curvature inside (M, g(t)) is monotone nonincreasing for every t ∈ (−∞, T ).
It is actually monotone decreasing, unless T = Tmax and at some time the submanifold N satisfies
H+∇⊥F = 0 at every point.
If (M, g(t)) is an m–dimensional steady or expanding, gradient Ricci soliton with potential
functionF in the interval (Tmin,+∞), then, the Huisken’s integral τ m−n2
∫
N
u dµt, with u = e
−F
or u = e−F /(t − Tmin)m/2 respectively, τ = T − t, T > Tmin and N as above, is monotone
decreasing for every t ∈ (Tmin, T ).
Moreover, in the steady case, the integral
∫
N
e−F dµt in monotone nonincreasing for every t ∈ R
and actually decreasing unless the submanifoldN satisfies H+∇⊥F = 0 at every point.
4. COMPUTATIONS I – RICCI FLOW AND LYH MATRIX HARNACK INEQUALITIES
In this section we will deal with the RF case, that is, we will assume that (M, g(t)) is
an m–dimensional Riemannian manifold evolving by the Ricci flow ∂tg = −2Ric and the
smooth function u : M × [0, T ) → R is a positive solution of ut = −∆u + Ru. Under
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these assumptions, considering a compact n–submanifold N moving by mean curvature,
we have seen that, setting τ = T − t, the monotonicity of the Huisken’s integral
τ
m−n
2
∫
N
u dµt
is implied by the nonpositivity of the expression(
∇2αβf +Rαβ − gαβ
2τ
)
gαβ ,
with f = − log uwhich hence satisfies ft = −∆f + |∇f |2 −R. This would be a straightfor-
ward consequence of the nonpositivity (along the flow) of the full 2–form
∇2ijf +Rij − gij
2τ
,
which is clearly a stronger property.
Equivalently, if we had chosen f = log u, we would be interested in the nonnegativity of
∇2ijf − Rij + gij2τ , (4.1)
for f = log u satisfying
ft = −∆f − |∇f |2 +R ,
which is an analogue of Li–Yau–Hamilton differential matrix Harnack inequality in a mov-
ing ambient space.
We set Lij = ∇2ijf − Rij , Hij = τLij + gij/2 = τ [∇2ijf − Rij ] + gij/2 and we compute
the evolution equation of the formH , whose nonnegativity is trivially equivalent to the one
of the form (4.1). In normal coordinates, using the following commutation rule between
the Laplacian and the second covariant derivatives of a function f : M → R that can
be obtained interchanging repeatedly the covariant derivatives and using the II Bianchi
identity
∇2ij∆f −∆∇2ijf = − (∇iRjk +∇jRik −∇kRij)∇kf
− gpqRjp∇2qif − gpqRip∇2qjf + 2gprgqsRipjq∇2rsf ,
we have
(∂t +∆)Hij = − Lij − Rij
+ τ [∆∇2ijf +∇2ijft + (∇iRjk +∇jRik −∇kRij)∇kf ]
− τ [∂tRij +∆Rij ]
= − Lij − Rij
+ τ [∆∇2ijf −∇2ij∆f −∇2ij |∇f |2
+ (∇iRjk +∇jRik −∇kRij)∇kf ]
− τ [2∆Rij + 2RpqRipjq − 2RipRpj −∇2ijR]
= − Lij − Rij
+ τ [(∇iRjk +∇jRik −∇kRij)∇kf
+Rjp∇2ipf +Rip∇2pjf + 2Rikpj∇2kpf
−∇2ij |∇f |2 + (∇iRjk +∇jRik −∇kRij)∇kf ]
− τ [2∆Rij + 2RpqRipjq − 2RipRpj −∇2ijR]
= − Lij − Rij
+ τ [Rjp∇2ipf +Rip∇2pjf + 2Rikpj∇2kpf
− 2∇2ipf∇2jpf − 2∇3ijkf∇kf + 2(∇iRjk +∇jRik −∇kRij)∇kf ]
− τ [2∆Rij + 2RpqRipjq − 2RipRpj −∇2ijR] .
8 ANNIBALE MAGNI, CARLO MANTEGAZZA, AND EFSTRATIOS TSATIS
Commuting the covariant derivatives of the term containing the third derivatives of f , that
is,∇3ijkf = ∇3kijf +Rikjp∇pf , we get
(∂t +∆)Hij = − Lij − Rij
+ τ [Rjp∇2ipf +Rip∇2pjf − 2∇2ipf∇2jpf − 2∇3kijf∇kf ]
− τ [2∆Rij + 2RpqRipjq − 2RipRpj −∇2ijR]
+ τ [2(∇iRjk +∇jRik −∇kRij)∇kf
− 2Rikjp∇2pkf − 2Rikjp∇pf∇kf ] .
Finally, substituting Lij = [Hij − gij/2]/τ and ∇2ijf = [Hij − gij/2]/τ +Rij , we obtain
(∂t +∆)Hij = [Hij − 2H2ij ]/τ − 2∇kHij∇kf
− [RikHjk +RjkHik + 2RikjpHpk]
− τ [2∆Rij − 2RjpRip + 4RpqRipjq −∇2ijR− Rij/τ ]
+ τ [2(∇iRjk +∇jRik − 2∇kRij)∇kf ]
− 2τRikjp∇pf∇kf ,
which in a generic coordinate system reads
(∂t +∆)Hij = [Hij − 2H2ij ]/τ − 2∇kHij∇kf − gpqRipHjq − gpqRjpHiq − 2RipjqHpq
− τ
[
2∆Rij −∇2ijR− 2gpqRipRjq + 4RpqRipjq − Rij/τ
− 2(∇iRjk +∇jRik − 2∇kRij)∇kf + 2Ripjq∇pf∇qf
]
= [Hij − 2H2ij ]/τ − 2∇kHij∇kf −RkiHkj − RkjHki − 2RipjqHpq − τWij ,
where we set
Wij =2∆Rij −∇2ijR− 2gpqRipRjq + 4RpqRipjq − Rij/τ
− 2(∇iRjk +∇jRik − 2∇kRij)∇kf + 2Ripjq∇pf∇qf .
Notice that when t > T (not our case) this form W is the Hamilton’s Harnack quadratic,
defined in [4], contracted with ∇f , (this term with the “wrong time” also appears in the
computations about the reduced length in Perelman’s paper [12]). This quantity vanishes on
a shrinking, gradient Ricci soliton with T = Tmax when f is equal to minus its potential
function F , so sometimes it is called Hamilton’s matrix Harnack quadratic for shrinkers (the
original Hamilton’s Harnack quadratic is instead zero on expanders).
Arguing as in Hamilton [5] by means of his matrix maximum principle, if there is a
sequence ti → T such that the formH is positive definite, the Riemann curvature operator
and the formW are nonnegative definite in M × [0, T ), then it follows that the form H is
nonnegative definite in the wholeM× [0, T )which is what we need to get the monotonicity
of the Huisken’s integral.
Unfortunately, the formW is not, in general, nonnegative definite for every function f , even
if the Ricci flow is ancient and the Riemann curvature operator is nonnegative, in contrast
to the nicely behaved original Hamilton’s Harnack quadratic. Anyway, when the flow is
a gradient, shrinking Ricci soliton with nonnegative Riemann operator and τ = Tmax − t,
the formW is nonnegative definite for every function f , indeed, there hold (by the soliton
equation, see [2, Chapter 8, Section 5])
2∆Rij −∇2ijR− 2gpqRipRjq + 4RpqRipjq −Rij/τ = 2(∇kRij − 2∇jRik)∇kF
and
∇jRki −∇kRji = −Rjkip∇pF ,
hence, the equality
Wij =2Rjkip∇pF∇kF + 2(Rjkip∇pF +Rikjp∇pF )∇kf + 2Rikjp∇pf∇kf
=2Rjkip∇p(F + f)∇k(F + f) ,
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implies the claim, by the curvature assumption. Then, if a solution u of the conjugate heat
equation (3.2) satisfies
∇2 log u(·, ti)− Ric(·, ti) + g(·, ti)
2(Tmax − t) ≥ 0 ,
for a sequence of times ti → Tmax on the whole M , the monotonicity of the Huisken’s
integral follows in the interval [0, Tmax).
With an analogous argument, it can be shown that if the flow is a gradient, steady Ricci
soliton with nonnegative Riemann operator and the function u satisfies the same condition
as before, then the monotonicity of the Huisken’s integral holds in the interval [0, T ) (in this
case the interval can also be R and T = +∞).
5. COMPUTATIONS II – BACKWARD RICCI FLOW
We deal now with the BRF case, that is, (M, g(t)) is an m–dimensional Riemannian
manifold evolving by the backward Ricci flow ∂tg = 2Ric and the smooth function u :
M × [0, T ) → R is a positive solution of ut = −∆u − Ru. Then, we have seen that if
τ = T − t the monotonicity of the Huisken’s integral
τ
m−n
2
∫
N
u dµt ,
where N is a compact n–submanifold moving by mean curvature, is implied by the non-
positivity of the expression (
∇2αβf − Rαβ − gαβ
2τ
)
gαβ ,
with f = − log u which hence satisfies ft = −∆f + |∇f |2 +R. Choosing instead f = log u
which then satisfies
ft = −∆f − |∇f |2 − R
the above monotonicity would be a consequence of the stronger statement that the full 2–
form
∇2ijf +Rij + gij2τ
is nonnegative definite.
We then set Lij = ∇2ijf + Rij , Hij = τLij + gij/2 = τ [∇2ijf + Rij ] + gij/2 and we
compute the evolution equation of the form H (as before) whose nonnegativity is trivially
equivalent to the one of the form above. In normal coordinates, we have (along the same
line of theRF case)
(∂t +∆)Hij = − Lij +Rij
+ τ [∆∇2ijf +∇2ijft − (∇iRjk +∇jRik −∇kRij)∇kf ]
+ τ [∂tRij +∆Rij ]
= −∇2ijf + τ [∆∇2ijf −∇2ij∆f −∇2ij |∇f |2 − (∇iRjk +∇jRik −∇kRij)∇kf ]
− τ [2RpqRipjq − 2RipRpj +∇2ijR]
= −∇2ijf + τ [(∇iRjk +∇jRik −∇kRij)∇kf +Rjp∇2ipf +Rip∇2pjf − 2Ripjq∇2pqf ]
+ τ [−∇2ij |∇f |2 − (∇iRjk +∇jRik −∇kRij)∇kf ]
− τ [2RpqRipjq − 2RipRpj +∇2ijR]
= −∇2ijf + τ [Rjp∇2ipf +Rip∇2pjf − 2Ripjq∇2pqf −∇2ij |∇f |2]
− τ [2RpqRipjq − 2RipRpj +∇2ijR]
= −∇2ijf + τ [Rjp∇2ipf +Rip∇2pjf − 2Ripjq∇2pqf ]
− τ [2RpqRipjq − 2RipRpj +∇2ijR]
− τ [2∇2ipf∇2jpf + 2∇3ijkf∇kf ]
= −∇2ijf + τ [Rjp∇2ipf +Rip∇2pjf − 2Ripjq∇2pqf ]
− τ [2RpqRipjq − 2RipRpj +∇2ijR]
− τ [2∇2ipf∇2jpf + 2∇3kijf∇kf + 2Ripjq∇pf∇qf ] .
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Substituting now Lij = [Hij − gij/2]/τ and ∇2ijf = [Hij − gij/2]/τ − Rij , we get
(∂t +∆)Hij = −Hij/τ + gij/2τ +Rij
− τ [RjpRip +RipRpj − 2RipjqRpq]
+ [RjpHip +RipHpj − 2RipjqHpq]
− τ [2RpqRipjq − 2RipRpj +∇2ijR]
− 2τ [H2ij/τ 2 −Hij/τ 2 + gij/4τ 2 +RikRkj − RikHjk/τ − RjkHik/τ +Rij/τ ]
− 2τ [∇kHij∇kf/τ −∇kRij∇kf +Ripjq∇pf∇qf ]
= [Hij − 2H2ij ]/τ − Rij
+ [3RjpHip + 3RipHpj − 2RipjqHpq]
− τ∇2ijR− 2τRikRkj
− 2τ [∇kHij∇kf/τ −∇kRij∇kf +Ripjq∇pf∇qf ]
= [Hij − 2H2ij ]/τ − 2∇kHij∇kf + 3RjpHip + 3RipHpj − 2RipjqHpq
− τ [∇2ijR + 2RikRkj +Rij/τ − 2∇kRij∇kf + 2Ripjq∇pf∇qf ] .
Thus, getting back to generic coordinates
(∂t +∆)Hij = [Hij − 2H2ij ]/τ − 2∇kHij∇kf + 3gpqRipHjq + 3gpqRjpHiq − 2RipjqHpq
− τ [∇2ijR+ 2gpqRipRjq +Rij/τ − 2∇kRij∇kf + 2Ripjq∇pf∇qf ]
= [Hij − 2H2ij ]/τ − 2∇kHij∇kf + 3gpqRipHjq + 3gpqRjpHiq − 2RipjqHpq
− τZij ,
where we set
Zij = ∇2ijR + 2gpqRipRjq +Rij/τ − 2∇kRij∇kf + 2Ripjq∇pf∇qf .
Then, arguing now as in the RF case, assuming that the Riemann curvature operator is
nonnegative (such a condition is not preserved in general under the backward Ricci flow),
if the form Z is nonnegative definite we can conclude that if there is a sequence ti → T
such that the form H(·, ti) is positive definite, then the form H is nonnegative definite on
the wholeM × (0, T ] and the monotonicity of the Huisken’s integral follows.
Notice that the trace of Zij ,
gijZij = ∆R+ 2|Ric|2 +R/τ − 2∇kR∇kf + 2Rpq∇pf∇qf
coincides with the trace of the original Hamilton’s Harnack quadratic
2∆Rij −∇2ijR− 2gpqRipRjq + 4RpqRipjq +Rij/τ
− 2(∇iRjk +∇jRik − 2∇kRij)∇kf + 2Ripjq∇pf∇qf ,
after changing the sign of the function f . Hence, one can ask himself if under the backward
Ricci flow of amanifoldwith nonnegative definite Riemann curvature operator, the 2–forms
ZUij = ∇2ijR+ 2R2ij +Rij/τ − 2∇kRijUk + 2RipjqUpUq
are all nonnegative definite, for every vector U = {U i} (see Ni [11, Remark 6.4]).
Unfortunately, this does not hold even in dimension two, indeed, in such case we have
Rij = Rgij/2 and Rijkl = R(gikgjl − gilgjk)/2, hence, the expression for ZUij becomes
ZUij = ∇2ijR + R
2
2
gij +
R
2τ
gij − 〈∇R |U〉gij +R|U |2gij − RUiUj .
Checking the 2–form ZU˜ij , where U˜ = λU for λ ∈ R, against the vector U we get
ZU˜ijU
iU j =
[
∇2ijRU iU j +
(R2
2
+
R
2τ
)
|U |2
]
− λ〈∇R |U〉|U |2 .
Therefore, if R is not constant, choosing U = ∇R, when λ > 0 is large enough this expres-
sion is negative somewhere.
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5.1. A Very Special Case. In dimension 2, for a surface with positive scalar curvature, the
function u = R > 0 satisfies
ut = −∆u− Ru .
Indeed, under the backward Ricci flow, we have
∂tR = −∆R−R2 ,
hence, the scalar curvature is a solution of the conjugate heat equation in dimension two
(under the backward Ricci flow).
Then, for a closed curve γ evolving by its curvature inside a surface moving by backward
Ricci flow, we have
d
dt
(√
τ
∫
γ
R dµt
)
= −√τ
∫
γ
∣∣∣H−∇⊥ log R∣∣∣2 R dµt−√τ ∫
γ
(
∇2νν log R + R
2
+
1
2τ
)
R dµt ,
where ν is the unit normal to the curve.
In this situation, the Li–Yau quadratic
∇2νν log R + R
2
+
1
2τ
is nonnegative, being exactly the “special” form of Hamilton’s Harnack inequality for sur-
faces with bounded positive scalar curvature (see [1, Proposition 15.10]) evaluated on the
pair of vectors (ν, ν).
Proposition 5.1. If (M, g(t)) is a family of surfaces with bounded positive scalar curvature R
moving by backward Ricci flow and γ is a curve moving by its curvature inside (M, g(t)), we have
d
dt
(√
τ
∫
γ
R dµt
)
≤ −√τ
∫
γ
∣∣∣H−∇⊥ log R∣∣∣2 R dµt .
The inequality becomes an equality if and only ifM is a gradient, expanding Ricci soliton
with R > 0 and k = ∇⊥ log R (see [1, Chapter 15]).
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